For Solvency II, the Solvency Capital Requirement (SCR) is meant to cover one year of deterioration, meaning that only "shocks" applied to the following year are considered. The graph depicts, on the liability side of the economic balance sheet, how the capital funded at time t=0 is adequate to restore the balance sheet to a fair value of liabilities at the end of a distressed first year, where both the Best Estimate of Liabilities (BEL) and the MVM are subject to a distressed scenario.
Cost of Capital approach
The CoC approach takes the perspective that sufficient capital is needed to be able to run-off the business. Here, the risk margin is estimated by the present value of the expected cost of current and future SCRs for non-hedgeable risks to support the complete run-off of all liabilities.
Schematically, the MVM calculation can be carried out in 4 steps:
-First, project the expected SCR until all liabilities run-off. This puts into the equations the fact that an undertaking taking over the portfolio has to put up future regulatory capital SCR(1), SCR(2), … , SCR(n-1) until the portfolio has run-off completely at time t=n;
-Second, multiply all current and future SCR by the Cost of Capital rate (c or CoC). This captures the fact that the insurer selling the portfolio has to compensate the insurer taking over the portfolio for immobilizing future capital requirements; -Third, discount everything to time 0; -The sum then gives the CoC risk margin.
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Background 1 Introduction
A risk is the potential that a chosen action, including the choice of inaction, will lead to uncertainty concerning the future outcome. This notion also implies that our choice can have an influence on the future outcome. Risk and uncertainty are often used indistinctly, but in economics the tradition wants to distinguish between the two concepts. In insurance, "Risk" may be defined as the randomness with knowable probabilities (measurable uncertainty), while "Uncertainty" is the randomness with unknowable probabilities (unmeasurable uncertainty). Insurances are the providers of a way of reducing the risk, but stay away of uncertainty. To have a better understanding of how insurances price risks and what problems they are facing, we present here a simple example, where the risk is well quantifiable (see also [1] ).
We assume an insurance customer approaches a company with the aim to insure a risk modeled by the throwing of a die (measurable uncertainty) as follows:
• the customer must pay 10 EUR every time a die displays a 6 and nothing otherwise
• moreover he throws the die 6 times
The customer would like to know the price an insurance company is going to ask him to cover such risk.
We have to consider if the customer is the only one asking for such an insurance or if there are other people asking for the same product. Of course, in reality, there is always an amount of persons that need to be covered for the same risk. Here, we start by calculating the risk premium for one customer (which means one insurance policy). Then, we generalize the approach for several customers, which means considering a portfolio containing several policies. This allows us to explore the effect of diversification on the price of risk. We will examine various numbers of policies in the portfolio to see how the risk is reduced, when increasing the size of the portfolio. The idea is that the more policies we have, the more diversified is the portfolio of policies, thus the risk and the cost of capital are diminished. In this paper, we will examine how diversification works and what can be its limitation.
Cost of Capital approach
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Note that all rv's introduced in this paper will be defined on the same probability space (Ω, A , I P). Let (X i , i = 1, . . . , n) be a n-sample with parent rv X , corresponding to the sequence of throws when playing n times (independent games). In our example n = 6. The number of losses after n games is modeled by S n = n i =1
X i , a binomial distribution B(n, p). Recall that
I E(X i ) = nI E(X ) = np and that, by independence, From now on, we consider the case n = 6 (but keep the notation n for 6) and we denote the total loss amount by L := l × S n .
We are interested in knowing the risk premium the insurance will ask to the customer if he buys the insurance policy.
In Table 1 , we show both the probability of losses as well as the cumulative probability of losses according to (1) . The expected total loss amount is given by I E(L) = l I E(S n ) = 10. We see that there is a 26.32% probability (I P[S n > 10] = 1 − I P[S n ≤ 10]) that the company will turn out paying more than the expectation. Thus, we cannot simply ask the expected loss as premium. Insurance companies are supposed to guarantee the payment of a claim up to a high probability. We thus need to include some capital to guarantee this payment at a certain high probability. This is the subject of the next sections. Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
2 For Solvency II, the Solvency Capital Requirement (SCR) is meant to cover one year of deterioration, meaning that only "shocks" applied to the following year are considered. The graph depicts, on the liability side of the economic balance sheet, how the capital funded at time t=0 is adequate to restore the balance sheet to a fair value of liabilities at the end of a distressed first year, where both the Best Estimate of Liabilities (BEL) and the MVM are subject to a distressed scenario.
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Schematically, the MVM calculation can be carried out in 4 steps: -First, project the expected SCR until all liabilities run-off. This puts into the equations the fact that an undertaking taking over the portfolio has to put up future regulatory capital SCR(1), SCR(2), … , SCR(n-1) until the portfolio has run-off completely at time t=n;
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The case of a portfolio of N policies We consider now the case where the insurance company holds a portfolio of N identical and independent policies. The generalization to this case is immediate. It simply means to consider our example with N n possible outcomes, so it could be modeled by a Bernoulli rv for each throw when playing N n times. The total number of losses in the portfolio of N policies with n throws can then be represented by the new rv Z = N n i =1 X i , which is B(N n, p) distributed. The total loss amount of the portfolio becomes L = l Z , with cdf denoted by F L .
Computation of the risk premium
The technical premium
One policy case For any risk incurring a loss L, we can define, as in [1] , the technical premium, P , that needs to be paid, as:
η: the return expected by shareholders before tax K : the capital assigned to this risk e: the expenses incurred by the insurer to handle this case.
We will assume in this example that the expenses are a small portion of the expected loss e = aI E(L) with 0 < a << 1 which transforms the premium, using the definition of L, as
This example illustrates the case of one policy with n possible outcomes.
From now on, we will consider a portfolio of N independent policies (or contracts).
The case of N policies The premium for one policy within the portfolio can be deduced from (3) as
where K N is the capital assigned to the entire portfolio. Notice, as mentioned above, that L corresponds then to the total loss amount l Z . We will name the risk incurred by the portfolio by L as well, from which we can deduce the capital K N assigned to the entire portfolio.
Risk Measures
First we have to point out the role of capital for an insurance company. It ensures that the company can pay its liability even in the worst case. In our case the capital will cover the risk with 99% probability. For this, we need to define the capital we have to put behind the deal. We are going to Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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1. Background use a risk measure for this. We will consider two standard risk measures, the Value-at-Risk (VaR) and the tail Value-at-Risk (TVaR). Let us remind the definitions of these quantities (see e.g. [3] ).
The Value-at-Risk with a confidence level α is defined for a risk L by
where q is the level of loss that corresponds to a VaR α (simply the quantile of L of order α).
The tail Value-at-Risk at a confidence level α of a continuous L satisfies
In our case, it can be approximated by a discrete sum, which may be seen as the average over all losses larger than VaR α :
where q u i (L) = VaR u i (L) and ∆u i ≡ u i −u i −1 corresponds to the probability mass of the particular quantile q u i . These two kinds of risk measure, which we call, in full generality, ρ, allow us to define the capital needed to ensure payment of the claim up to a certain confidence level. We then define the riskadjusted-capital K as a function of the risk measure ρ associated to the risk L as
since the risk is defined as the deviation from the expectation. We will choose in the rest of the study a threshold of 99% for α. We could have also defined K as K = ρ(L) − I E(L) − P since the premiums can serve to pay the losses. It would change the premium defined in (2) as follows, we call the new oneP :
Such an alternative definition would reduce the capital but does not change fundamentally the results of the study.
Cost of Capital and Risk Loading
An insurance is a company in which we can invest. Therefore the shareholders that have invested a certain amount of capital in the company expect a return on investment. So the insurance firm has to make sure that the investors receive their dividends, which corresponds to the cost of capital the insurance company must charge on its premium. In this example, we fix the percentage of cost of capital η, before taxes, at 15%. It will give the shareholders a return on investment after taxes of approximately 10%, when considering a standard tax rate of 30%. Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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Let R denote the risk loading per policy, defined as the cost of the risk-adjusted-capital per policy. Using (6), R can be expressed as a function of the risk measure ρ, namely
The risk measure ρ can here be either V aR or T V aR (see (4) and (5)). We revisit our numerical example with n = 6, l = 10 and I E(X ) = 1, α = 99% and η = 0.15; for a discussion on the choice of the values of η and e, we refer to [1] . We compute the cost of capital given in (7) for an increasing number N of policies in the portfolio. The results are displayed in Table 2 for both VaR and TVaR. Number N of Risk Loading R with When considering a large number N of policies, the binomial distribution of Z , and so of L, can be replaced by the normal distribution N (N np, N np(1 − p)) (for N n ≥ 30 and p not close to 0, nor 1; e.g. np > 5 and n(1 − p) > 5) using the Central Limit Theorem (CLT). The VaR of order α of Z can then be deduced from the αth-quantile, q α , of the standard normal distribution N (0, 1), as:
Thus the risk loading R will become, in the case of ρ being VaR:
ever smaller as a function of N .
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Fair Valuation of risks
Under Solvency II, the Market Value Margin (MVM) is meant to bring technical provisions to a fair value, and is to be computed using the Cost of Capital approach. In the background lies the Market Consistent economic balance sheet which reflects what Solvency II seeks to achieve: a fair valuation of risks.
Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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We can see in Table 2 that the risk loading drops practically by a factor 100 for a portfolio of 10'000 policies. It is worth noting that the risk loading with T V aR is always slightly higher than with VaR for the same threshold, as TVaR goes beyond VaR in the tail of the distribution. For a portfolio consisting of one policy (N = 1), the risk loading represents 30% of the loss expectation (I E(L) = 10 in our example). This is uneconomical: nobody would pay such a price for covering a risk. This issue can be solved by bundling many of those risks in a portfolio. Looking at the results in Table 2 , it appears that it is the right way to proceed, as the risk almost disappears if we bundle enough risks together. With 10'000 policies the risk loading is almost 100 times lower than with one policy. This observation fascinated Andrej Kolmogorov, the discoverer of the CLT. Unfortunately, as often in life, there is a limit to this. We are going to explore it in the next section.
Limits to diversification
In order to explore those limits, we are going to modify our model introducing a new risk represented by a biased die. Let us assume that our policyholder plays in a casino, where it is a croupier that throws the die. If the croupier is a crooked one and cheats on the players, then our "fair" game would become unfair and the probability of paying 10 at each throw is no more going to be 1/6. Suppose that the die is biased and gives a higher probability to throw a 6. There are various ways of biasing the game.
A first approach with a biased probability to obtain a six -Case 1
A first approach, and the simplest one, is to have a die with a biased probability q = (1 + b)
of getting a 6 (with the bias 0 ≤ b ≤ 10%). Then we proceed as previously and can notice that it leads to an increase of the risk premium but with no dramatic change, as the CLT still applies, every throw being independent of each other; so the diversification effect will be taken in full. The expectation of Z is I E[Z ] = N nq, and the variance of Z , denoted v ar 1 , is v ar 1 
For one contract, the loss expectation is then
and the loss variance
We see that for one contract the variance will decrease as the number of contracts increases and its theoretical risk is not much different than the one described above with the unbiased die. Numerical application Our numerical example uses N = 1, 10, 20, 50, 100, 1 000 and 10 000 with a bias b = 0.1%, 1%, 5% and 10%; we still consider n = 6, α = 99% and η = 0.15. Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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SCOR Paper n°18 -Calculations under the SII CoC approach As can be seen in Table 3 , the effect of biasing the die does only slightly change the effect of diversification. It affects the risk loading making it even smaller with the VaR because of the change in expectation. We recall that the risk loading is computed from the difference between the risk measure and the expectation (see (6) and (7)). With TVaR, it hardly moves for the large number of policies. To see an effect on the risk loading, one needs to put up to 10% bias and the effect is an increase of only 3%, from 0.037 to 0.038 ! SCOR Paper n o 24 -Does risk diversification always work?
Background
N b = 0 b = 0.1% b = 1.0% b = 5.0% b = 10.
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Another approach with a systematic risk
Let us design a different form of bias, with a much higher and interesting impact: a systematic risk. The croupier will make from time to time all or a big portion of the players loose at the same time. We include this effect in order to have a systematic risk (non-diversifiable) in our portfolio. We can model the behavior of the crooked croupier as if he would play with 2 dices, one unbiased (with loss probability p = 1/6) and another biased (with loss probability q >> p). Let U be the rv modelling the behavior of the croupier. The croupier will use the biased die with probabilityp and the unbiased one with probability 1 −p. Hence the distribution of the rv U is Bernoulli B(p) such that U = 1 when the chosen die is the biased one and U = 0 otherwise. Let us introduce the rv X i j (for i = 1, . . . , n and j = 1, . . . , N ) representing the number of losses of the j th player at the i th game.
A first way to use a biased die -Case 2
Assuming independence among all the X i j 's (i = 1, . . . , n, j = 1, . . . , N ) and U , we can interpret the total number of losses Z after n games by the N players, as the proportion of losses when playing with one die, plus the complementary proportion of losses when playing with the other die. Its distribution can then be written, for k ∈ I N, as
The conditional variables, Z q := Z | (U = 1) and Z p := Z | (U = 0), are distributed as B(N n, q) and B(N n, p) with mass probability distributions denoted by f Z q and f Z p respectively. The mass probability distribution f Z of Z appears as a mixture of f Z q and f Z p (see e.g. [2] )
Note that looking at the
.., N n are distributed as Bernoulli with probability p or q, depending on which die has been chosen. The total number of losses Z can be written as Z .
i =1X i , with independent but not identically distributedX i . The expected loss amount for the portfolio is given by
from which we deduce the risk loading defined in (6) and (7). Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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1. Background Table 4 : The Risk loading per policy in Case 2 as a function of the bias of the probability of using the biased die for the portfolio using VaR and TVaR measures with α = 99%. The biased die has a probability of giving a loss q = 50%. We see the effect of the non-diversifiable risk.
Risk Loading R Risk measure Number Np = 0p = 0.1%p = 1.0%p = 5.0%p = 10.0% ρ Let us compute the variance of Z , named v ar 2 (Z ). We can write (for more details, see the Appendix)
which, combined with (11), provides
Fair Valuation of risks
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1. Background from which we deduce the variance for the loss of one contract as
Notice that in the variance for one contract, the first term will decrease as the number of contracts increases, but not the second one. It does not depend on N and thus represents the non-diversified part of the risk.
In Table 4 , we see that this new method has much more effect than in Case 1, in particular when the probability of having the biased die played is high. The interesting point is that fromp = 1%, the risk loading hardly changes when there is a large number of policies (starting at N = 1000) in the portfolio. This is true for both VaR and TVaR. The non-diversified term dominates the risk. The case N = 10 000 andp = 0.1% is interesting. There is a big difference between the risk loading of Var and TVaR. We notice that for 10'000 policies, the risk loading is multiplied by 10 in the case of TVaR and hardly moves in the case of VaR ! This effect is also seen for the samep and less number of policies but to a lower extend.
Another way -Case 3
Now proceed as follows. For each game i , we choose one of the 2 dices, then the N policy holders play this game with this die. If Z i denotes the number of losses for the N players at game i , then, by independence between the players, Z i is distributed as a Binomial B(N , p i ) with p i = p or q, depending on the die that has be chosen for this game. There will be a certain number, say j , of games for which the number of losses of the N players are distributed as B (N , q) . Therefore the total number of losses for those games,
Z i , is distributed as B( j N , q), whereas for the n − j remaining games, the corresponding total number of losses is distributed as B((n − j )N , p). We deduce that the distribution of the total number of losses Z for the n games can be expressed, for k = 0, ..., nN , as
from which we deduce (see the Appendix for details)
and, for one contract, 1
which is equal to the expectation (11) obtained with the previous method. We can evaluate the variance of L by first computing I E(Z 2 ) (see the Appendix for details). We Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
Cost of Capital approach
SCOR Paper n°18 -Calculations under the SII CoC approach
1. Background from which we deduce the variance v ar 3 of Z as
which is different from the variance v ar 2 (Z ) obtained with the previous method. Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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Now for one contract we obtain:
Notice that the last term is only multiplied by n and not n 2 as in the previous case. Nevertheless, as in Case 2, it will not decrease with the number of policies as it is also not divided by N . This last term is not diversified by the number of policies. It looks alike the one of (12), however its effect will be smaller than in v ar 2 . With this method we have also achieved to produce a process with a non-diversified risk. Let us revisit our numerical example. In this case, we cannot, contrary to Cases 1 and 2, directly use an expression of the distributions. We have to go through Monte-Carlo simulations. We have for each throw to choose if the crooked croupier picks the biased die or the fair die. Over 6 throws, the chances that a biased die is chosen is quasi 0, if the probability of such a choice is 0.1%. To get enough of these cases, we need to redo the operations many times, and then average over all the simulations. The results shown in Table 5 are obtained with 10 million simulations. We ran it also with 1 and 20 million simulations to check the convergence. It converges well as can be seen in Table 6 . The results shown in Table 5 follow what we expect. The diversification due to the total number of policies is more effective in this case than in case 2, but we still experience a part which is not diversifiable. The case N = 10 000 andp = 0.1% follows a similar behavior as in case 2 : the risk loading is multiplied by 10 in the case of TVaR while it is almost not different than in the unbiased case for VaR ! In this case, because we use Monte Carlo simulations, we have also computed the case with 100'000 policies. It is interesting to note that, as expected, the risk loading for the unbiased case continues to decrease. In the completely unbiased case it decreases by 10 as expected. However, except forp = 0.1% in the VaR case, it stops really decreasing for the biased cases. We have reached then the non-diversifiable part of the risk. The case p = 0.1% is interesting because we see here the limitation of the VaR as a risk measure. Although we know that there is a part of the risk that is non-diversifiable, VaR does not catch it really when N = 10 000 or 100 000 while tVaR does not decrease significantly between 10 000 and 100 000 reflecting the fact that the risk cannot be completely diversified away.
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1. Background To explore the convergence of the simulations, we present in Table 6 the results obtained for N = 100 and for various number of simulations. For this number of policies, the number of simulation has no influence. Obviously, with a lower number of policies, the number of simulations plays a more important role as one would expect, while for a higher number of policies, it is insensitive to the number of simulations above 1 million.
Discussion -comparison of the methods
In Table 7 , we present a summary of the expectation and the variance obtained in our three cases.
In the first case, we see that the variance will decrease with increasing N , while both other cases contain a term in the variance that does not depend on N . Those two cases are the ones containing a systemic risk that is not diversified. Note that v ar 2 (Z ) contains a non-diversified part which corresponds to n times the non-diversified part of v ar 3 (Z ); we have
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thus v ar 2 (Z ) will be always larger than v ar 3 (Z ) (for n > 1). This is consistent with the numerical results in Tables 4 and 5 , where we see that the effect of increasing the number of policies is more important in the later case. Case 3 is the most interesting because it shows both the effect of diversification and the effect of the non-diversifiable term in a more obvious way. This example is thus more suitable to be used to explore other properties. 
Conclusion
In this study, we have shown the effect of diversification on the pricing of insurance risk through a simple modeling. Illustrative examples have been constructed introducing in different ways a component of the risk that cannot be diversified. To this aim, we have used a biased die in the game and studied simple models, well suited for the understanding of the problem. Those models allow for a straightforward analytical evaluation of the impact of the non-diversified part. In real life, insurers have to pay special attention to the effects that can weaken the diversification benefits. For instance, in the case of motor insurance, the appearance of a hail storm will introduce a "bias" in the usual risk of accident due to a cause independent of the car drivers, which will hit a big number of cars at the same time and thus cannot be diversified among the various policies.
There are other examples in life insurance for instance with pandemic or mortality trend that would affect the entire portfolio and cannot be diversified away. Special care must be given to those risks as they will affect greatly the risk loading of the premium as can be seen in our examples. These examples might also find applications for real cases. In particular, Case 3 may be used in conjunction with risk appetite. It will be the subject of a following paper. Limiting ourselves to the reserve risk only -as will be done in the rest of this note -the following graph shows that the Capital should be sufficient to restore the balance sheet to a fair value of liabilities after a 1 in 200 event:
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Fair Valuation of risks Under Solvency II, the Market Value Margin (MVM) is meant to bring technical provisions to a fair value, and is to be computed using the Cost of Capital approach. In the background lies the Market Consistent economic balance sheet which reflects what Solvency II seeks to achieve: a fair valuation of risks.
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Background Appendix
For completeness, we are going to give the details of the straightforward computation of the first two moments of Z , in Case 2 and Case 3.
A Case 2 -computation of the variance of Z
In case 2, the computation of the expectation is given in the text. We concentrate here on the computation of the variance of Z , named v ar 2 (Z ). For this we first compute I E(Z 
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